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In this paper we will show that using the cosmological constant as a new thermodynamical state 
variable, the differential and integral mass formulas of the first law of thermodynamics for asymptotic 
flat spacetimes can be extended to be used at the two horizons of the (2+1) dimensional BTZ black 
hole. We also extend this equations to the stringy description of the BTZ black hole, in which two 
new systems that resemble the right and left modes of effective string theory, are defined in terms 
of the inner and outer horizons. 
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Bekenstein and Hawking showed that black holes have non-zero entropy and that they emit a thermal radiation 
that is proportional to its surface gravity at the horizon. These two quantities are related with the mass through the 
identity 



. . dM^TdS, (1) 

cj ; 

<«J '. that is called the first law of balck hole thermodynamics (author?) [3|,lj|.But when the black hole has other properties 

^ ' as angular momentum J and electric charge Q, the first law is generalized to 

dM = TdS + ndJ + <^dQ, (2) 

^ ' where fl — ^j is the angular velocity and <i> — ^- is the electric potential. The corresponding integral Bekenstein- 

^^ ■ Smarr mass formula, and is given by 

r~^ ' Gauntlett et. al. (author?) [S] have proved that both, the differential and integral expressions, hold for asymp- 

r^ , totically flat spacetimes with any dimension D > A . For rotating black holes in anti-deSitter spaces, Gibbons et. 

L| ■ al. (author?) [7|| have shown that the differential expression hold for D > A, but the integral expresion is not satisfled. 

.^H ! To rectify this situation Caldarelli et. al. (author?) Q use a cosmological constant considered as a new thermo- 

^ ■ dynamical variable, and recently, Wang et. al. (author?) [l| use this idea to show that differential and integral 

5h ] expressions are valid also in (2 + 1) dimensions for BTZ black holes with angular momentum and Kerr-de Sitter 

. . . 1 spacetimes. 

In this paper we will consider the BTZ black hole in (2 + 1) dimensions to show that considering a cosmological 
constant as a thermodynamical state variable, both, the differential and integral mass formulas of the first law, can 
be extended to be used on the two horizons of the metric. The same procedure is also applicable in the stringy 
description of the BTZ black hole, in which two new systems that resemble the right and left modes of effective string 
theory, are defined in terms of the inner and outer horizons. Here we obtain the generaHzed force conjugate to the 
cosmological constant term in all the cases. 

II. THE ROTATING BTZ BLACK HOLE 

The rotating BTZ black hole (author?) ^] is a solution of (2 + 1) dimensional gravity with a negative cosmological 
constant K——^. Its line element can be written as 
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ds^ = -Adr + -r- + r^dv5% 



(4) 



where the lapse function is 



A = -M 



r2 J2 



This solution has two horizons given by the condition A = 0, 



(5) 
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(6) 



The mass M and angular momentum J of the black hole can be written in terms of this horizons as 



M = 



P ' 



(7) 



J = 



2r I r_ 



(8) 



The Bekenstein-Hawking entropy associated with the black hole is twice the perimeter of the outer horizon, 



5" = 47rr+, 



and therefore, the mass can be written as 



M = — 
P 



S^ 



4rl 



Wn^P 
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(9) 



(10) 



This expression can be re-written as (author?) []| 



M = -TS + nj, 



(11) 



As is well known, we can associate a thermodynamics to the outer horizon when treated as a single thermodynamical 
system. With the four laws associated with this horizon one can describe the Hawking radiation process. On the 
other hand, it is also possible to consider the inner horizon as an independient thermodynamical system and associate 
it a set of four laws that are related with the Hawking absorption process (author?) [5]. Therefore, the integral and 
differential mass formulae can be written for the two horizons, 



M = 



P 



4rl 



(12) 



If we consider an invariable I, this expression let us calculate the surface gravity and angular velocity for the black 
hole as 



K± 
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1 dM 

2 dr± 


r± 
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dM 
dJ 


J., 


J 

2rl 





(13) 

(14) 



while the entropy and temperature associated with each horizon are 



S± = 4Trr± 

K± 

2tx' 



T. 



± 



(15) 
(16) 



If we make the variation of the mass formula lfT2|) with respect to S and J, we obtain the first law of black hole 
thermodynamics in differential form for each horizon, 



dM = TdS + ndJ. 
But if we use equations (fT6| and ifT4|) , the mass formula can be written as 



(17) 



that does not correspond to the Bekenstein-Smarr formula ^ with D — Z iov any horizon. 
Note that the product T±S± in this case is give by 



(18) 



T±5± = 



2ri 



2rl 



2rl 



2rl 



(19) 



while the product n±J is 



rlJ 2rl 
r±l l^ 



(20) 



Then, we have that 



T±s± + n±j - 



2rl 



(21) 



cannot fit into the Bekenstein-Smarr formula. 



III. COSMOLOGICAL CONSTANT AS A NEW THERMODYNAMICAL STATE VARIABLE 

Now, we will try to rectify this situation by considering the effect of a varying cosmological constant. When 
considering the cosmological constant as a new state variable, the first law in differential and integral forms for each 
horizon must be corrected to be 



dM = T±dS± + n±dj + e±di 
= T±s± + n±j + e±i, 



(22) 
(23) 



where Q± are the generalized forces conjugate to the parameter I on each horizon. These generalized forces are 
given by 



e+ = 



dM 

In 



S±,J± 



2rl 



(24) 



All the thermodynamical quantities, including the generalized force for the outer horizon in last expression coincide 
with the reported results (author?) [l||. Now we will turn our attention to the stringy analogy of the thermodynamics 
of the BTZ black hole to see how can we generalize the Bekenstein-Smarr formula in that case. 



IV. STRINGY THERMODYNAMICS FOR THE BTZ BLACK HOLE 

The inner and outer horizons of the BTZ black hole let us define two new thermodynamical systems that resemble 
the right and left modes of string theory. Using the notation of (author?) Q, the R and L systems are defined by 



'Prx = r+±r^, 
where V is the "reduced" perimeter. For the R-system, the mass can be written as 



(25) 



P I 
Following the above treatment, the generalized force associated with the R-system is obtained as 



(26) 



Qi 



dM 



Vr.,J 



P P' 



(27) 



and can be written in terms of 8± as 



where Qr — — j, as reported in (author?) [2|- 

On the other hand, for the L-system, the mass is given by 



UrJ 



(28) 



Thus, the generalized force associated with the L-system is 



(29) 



Gz 



dM 

In 



Vl,J 



or, in terms of 0±, as 



eL = e+ + 0- 



2Vl 

p 



nrj 



J 

p' 



(30) 
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(31) 



where we have used Ql = j- Therefore, the generalized force associated with the R and L systems are given by the 
relation 



Qr,l = e+ + 6- 



I 



(32) 



and the corresponding equations for differential and integral first law are generalized to 



dM = Tn^LdSn^L + ^R,LdJ + QR,Ldl 
=Tii^LSRL +^r,lJ -\-Qr,lI- 



(33) 



V. CONCLUSION 

By considering the cosmological constant as a new thermodynamical state variable, we have generalized the integral 
Bekenstein-Smarr mass formula and differential first law for the two horizons of the (2 + 1) dimensional BTZ black 
hole. We also show how the same definition can be used to describe the R and L thermodynamical systems, constructed 
from the inner and outer horizons, and that resemble the right and left modes of string theory. The generalized forces 
associated with the cosmological term are also obtained, showing a great symmetry for the R and L systems. It is 
interesting to note that the obtained relations can also be extended to higher dimensions, as noted in (author?) ^. 
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